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FIMUS: A Framework for Imputing Missing Values Using
Co-Appearance, Correlation and Similarity Analysis

Md. Geaur Rahman, Md Zahidul Islam∗

Center for Research in Complex Systems, School of Computing and Mathematics, Charles Sturt University,
Bathurst, NSW 2795, Australia.

Abstract

Natural data sets often have missing values in them. An accurate missing value imputation
is crucial to increase the usability of a data set for statistical analyses and data mining tasks.
In this paper we present a novel missing value imputation technique using a data set’s existing
patterns including co-appearances of attribute values, correlations among the attributes and
similarity of values belonging to an attribute. Our technique can impute both numerical and
categorical missing values. We carry out extensive experiments on nine natural data sets, and
compare our technique with four high quality existing techniques. We simulate 32 types of
missing patterns (combinations), and thereby generate 320 missing data sets for each of the
nine natural data sets. Two well known evaluation criteria namely index of agreement (d2)
and root mean squared error are used. Our experimental results, based on the statistical sign
test, indicate that our technique achieves significantly better imputation accuracy than the
existing techniques.

Keywords: Data pre-processing; data cleansing; missing value imputation; data mining.

1. Introduction

Natural data sets often have missing values in them. The imputation of missing values as
accurately as possible is an important data pre-processing task. A number of techniques have
been proposed in literature for imputing missing values [1, 2, 3, 4, 5, 6].

An early approach is to use the mean of all available values of the attribute, having a
missing value [7], as an imputed value. Another initial approach to deal with missing values
of a data set is to remove the records having missing value/s [8]. Mean imputation can
generate more erroneous outputs than the simple record deletion approach [9]. However, the
deletion of records may also reduce the usefulness of a data set for a statistical analysis and
data mining [9].
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A more advanced approach called “Expectation-Maximization (EMI)” [1] relies on corre-
lations between attributes and mean values of the attributes. A record may have some missing
values and available values. EMI considers that the deviation of a missing value (belonging
to an attribute) from the mean value of the attribute is proportional to the deviation of an
available value (belonging to another attribute) from the mean value of the second attribute.

In order to impute a missing value EMI uses the whole data set, whereas another recent
technique called IBLLS [5] divides a data set in both horizontal and vertical segments by
identifying k-most similar records and correlated attributes, respectively. It then locally im-
putes a missing value by applying a framework [4] within each segment separately. However,
EMI and IBLLS impute only numerical missing values.

In this paper, we propose a novel imputation technique called A Framework for Imputing
Missing Values Using Co-Appearance, Correlation and Similarity Analysis (FIMUS). The
basic idea of the technique is to make an educated guess based on the co-appearances of
the values, correlations between attributes and similarity of values belonging to an attribute.
Moreover, unlike many existing techniques [1, 5] FIMUS is also capable of imputing cate-
gorical missing values, in addition to numerical missing values.

We evaluate FIMUS on nine natural data sets [10] by comparing its performance with the
performance of four high quality existing techniques namely DMI [6], SVR [11], EMI [1] and
IBLLS [5]. Two evaluation criteria called index of agreement (d2), and root mean squared
error (RMSE) are used. Our experimental results indicate (based on statistical sign test) that
FIMUS performs significantly better than DMI, SVR, EMI and IBLLS on all data sets.

The organization of the paper is as follows. Section 2 presents some related works on
missing value imputation. Our technique (FIMUS) is presented in Section 3. Section 4
presents empirical evaluations, and Section 5 gives concluding remarks.

2. Related Work

We consider a data set D as a two dimensional table where rows represent records R =
{R1, R2, . . . Rn} and columns represent attributes A = {A1, A2, . . . Am}. There are m at-
tributes i.e. |A| = m and n records i.e. |D| = |R| = n. Rij represents the jth attribute
value of the ith record. An attribute can be categorical or numerical. Domain of a categorical
attribute Aj can be {a1j , a2j , . . . akj} meaning the domain size of Aj is |Aj| = k. Similarly, the
domain of a numerical attribute Ap can be [alowp , aupp ], where alowp and aupp are the lower and
upper limits of the domain, respectively.

A number of missing value imputation techniques have recently been proposed [11, 12,
13, 2, 4, 14]. For imputing a missing value Rij of a data set D, a technique kNNI [15]
first finds the k-nearest neighbor (k-NN) records of Ri from D, where the value of k is user
defined. IfAj is numerical then kNNI imputesRij with the average value, of the jth attribute,
for the k-NN records. If Aj is categorical then the technique uses the most frequent value of
the same attribute within the k-NN records. While simplicity is an advantage of kNNI, the
technique can be found expensive for a large data set since it searches the whole data set for
each record having missing value/s. Moreover, the selection of a suitable value for k may be
a challenging task for a data miner [16].
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Some existing techniques such as Local Weighted Linear Approximation Imputation
(LWLA) [13] can automatically determine a suitable value of k. In order to determine k
automatically, for a record Ri having missing value Rij , LWLA first artificially creates a
missing value Ril in Ri. The technique then imputes Ril by using all possible k values one
by one. If the data set D has n records then the number of possible k values is (n − 1). For
each k value, it then finds the k-NN records of Ri, and imputes Ril using the average of the
lth attribute for the k-NN records. Since the actual value of Ril is known, LWLA evaluates
the imputation quality through RMSE based on the imputed value and the actual value of
Ril. The technique calculates RMSE for all k values, and finally the k value that results in
the lowest RMSE is considered as the best k value. For each record Rm belonging to the
best k-NN records, LWLA calculates similarity between Ri and Rm. Finally LWLA imputes
a real missing value Rij utilizing the similarities and the jth attribute values of the records
belonging to the best k-NN.

Another recent technique called DMI [6] also imputes a missing value Rij based on a set
of similar records, Di ⊂ D, of Ri. Similar to LWLA, DMI finds |Di| (i.e. the size of the set
of similar records) automatically. However unlike LWLA, DMI uses an existing decision tree
algorithm such asC4.5 [17] in order to findDi, whereDi is the set of records belonging to the
leaf that represents Ri. The technique also identifies that the correlations of attributes within
the records belonging to a leaf are generally higher than the correlations of attributes within
the records of the whole data set. Therefore, DMI applies the EMI algorithm [1] within the
records of each leaf separately, for imputing numerical missing value/s. It was evident that
DMI achieved a better imputation accuracy and data quality than EMI [18]. However, a deci-
sion tree algorithm may produce some heterogeneous leaves, where the records belonging to
a heterogenous leaf may not always be very similar to each other. The application of DMI on
such “not so similar” set of records may result in a low imputation accuracy for DMI [19].

Another group of techniques [20, 11, 21, 22] uses classifiers such as a support vector
machine or a neural network for imputation. For example, a technique called Support Vector
Regression (SVR) [11] first divides a data set D into DC and DI , where DC contains records
without missing values and DI contains records with missing values. For each attribute Aj ,
of DI , having missing values, SVR builds a model by using a support vector machine. The
model contains a set of significant records, and referred as support vectors. Finally SVR
imputes a missing value Rij of DI using the jth model.

For imputing missing values, a technique [22] makes use of a three layered perceptron
network where the number of neurons in both input and output layers are equal to the number
of attributes of the data setD, where the possible values of each attribute are 1 or 0. The tech-
nique first generates a perturbed data set, Dp from D by artificially creating some available
values as missing. It then trains the network by using the values of Dp in the input layer and
the values of D in the output layer. The missing values of D are imputed by using the trained
neural network. It is shown that the technique achieves a high imputation accuracy while it
requires a high computational cost. The time complexity of a neural network can be reduced
by using a Genetic Algorithm (GA) in the training process of the network [21].

Genetic Algorithms (GA) can also be used to estimate a suitable set of parameters of a
Fuzzy C-means algorithm (FCM), which can then be used to impute missing values [12].
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An existing technique [12] imputes the missing values of D two times. The first time it
imputes using an SVR and the second time it imputes using an FCM with a set of user defined
parameters. It then compares the two sets of imputed values obtained by the SVR and FCM,
in order to test their mutual agreement. If the mutual agreement of the imputed values is not
high enough then the parameters of FCM are re-estimated by using a GA technique. FCM
then uses the new parameters in order to impute the missing values again. The process of re-
estimating the parameters of FCM and the imputation of the missing values continues until
the FCM and SVR imputed values are similar to each other. Of course in this approach the
SVR imputation quality is assumed to be very high.

3. Our Technique

3.1. Basic Concepts
We argue that typically a data set D maintains some natural patterns in it. For example,

the possibility of the appearance of a value Rij = axj in a record Ri depends on the other
values of the record. We propose to estimate the possibility by studying the co-appearance
matrix C generated from the data set D. An element of the matrix cxl ∈ C presents the total
number of co-appearances, in the whole data set, between a pair of values x ∈ Aj and l ∈ Ap
belonging to two attributes. We also consider fl (i.e. the frequency of l), since we argue that a
high cxl

fl
value indicates a high possibility of the appearance of a value x given the appearance

of the other value l. Besides, the correlation kAj ,Ap ;∀p between two attributes Aj and Ap
is also taken into consideration since the attribute having high correlation should have high
influence in imputing the missing value.

FIMUS generalises the values of a numerical attribute into several categories in order to
be able to compute the co-appearances of the values with other values belonging to other
attributes. For example, it generalises/categorises the values of a numerical attribute Ap into√
|Ap| number of categories, where |Ap| is the domain size ofAp. This type of categorisation

enjoys its simplicity, but due to artificially making the equal size (in terms of range of values)
for each category it may not always capture the natural groups/categories. Defining and
finding accurate categories from a numerical attribute is a challenging task [23]. Hence, the
actual co-appearance values may not be captured by the estimated co-appearances.

For categorizing the values of a numerical attribute, a number of methods have been
proposed in literature [23, 24]. However, it is difficult to find the best categorization method
which is suitable for data sets having different characteristics (such as domain ranges, and the
distribution of domain values) [23]. Some recent categorization methods including Propor-
tional Discretizer (PD) [24] and Fixed Frequency Discretizer (FFD) [24] have been suggested
as the best methods [23]. PD suggests that the number of categories NC and the number of
records (in each category) NR should be equal (i.e. NC = NR). The desired NC is then
obtained, in PD, from the relations NC×NR = n and NC = NR, where n is the total number
of records of a data set. However, FFD allows NC and NR to be different where NC 6= NR.
It first takes a user input on NR where NR is the desired number of records in each category.
It then determines the number of categories as NC = n

NR
.
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It is worth mentioning that for categorizing a numerical value v both PD and FFD focus
on the number of records in each category instead of the actual numerical value v. If the
number of records in a category is NR then they take the first NR values (from a sorted list of
values) into the first category and the second NR values into the second category. However,
it is quite possible that the NRth and (NR + 1)th numerical values are the same. Therefore,
the same numerical values can be categorized differently by PD and FFD. However, FIMUS
always groups a set of the same numerical values in the same category since it groups them
according to their actual values. In our opinion, it is a sensible approach to categories the
same numerical values into the same category instead of categorizing them into different
categories.

For a better understanding, in Figure 1 we present the process of categorization by PD,
FFD and FIMUS. In this example, we categorize the numerical attribute “Salary” of a toy
data set that has been presented in Table 2a. In this example, FFD considers NR = 2 and
therefore, creates n

NR
= 13

2
≈ 7 number of categories (see the 2nd row of Figure 1). Since in

each category we can have two values the same value of 85 falls in two different categories
c1 and c2, which has been marked by an arrow in the figure. However, since the domain of
the attribute is [84, 148] FIMUS finds the domain size to be upper limit - lower limit + 1 =
148− 84 + 1 = 65 and therefore creates

√
65 ≈ 8 categories where the number of elements

in each category can be different. For example, Category 1 has 6 elements since it ranges
from 84 to 84 + 8 − 1 = 91. Therefore, two elements having the same value will always be
grouped in the same category by FIMUS.

Figure 1: Categorization obtained by three methods namely PD, FFD, and FIMUS from a toy data set (Table 2a).

In this study, we empirically evaluate the quality of the categories obtained by PD, FFD
and FIMUS. We use two natural data sets namely Credit Approval and CMC [10]. We first
artificially create a set of missing values in the data sets. The actual values of them are known
to us. We then run FIMUS three times on each dataset and thereby produce three imputed data
sets for each natural data set. In the first run we use PD for the categorization purpose within
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FIMUS. Similarly in the second and third runs we use FFD and FIMUS Categorization (i.e.
the regular categorization approach used in FIMUS) in FIMUS. The three imputed data sets
are then evaluated (since the actual values of the missing values are known to us) through
two evaluation criteria namely d2 [25] and RMSE [3]. In these empirical tests we use the
same experimental settings (that is Missing Level, Missing Model and Missing Pattern) as
the remaining experiments presented in Section 4.2.

Figure 2 indicates that FIMUS using its own categorization (i.e. FIMUS Categorization)
produces a better imputation accuracy than FIMUS using PD and FFD for the categorization
purpose, for the both data sets and the both evaluation criteria. Moreover, the categorization
approach used in FIMUS is very simple. Therefore, in this study we use this categorization
approach in all experiments. However, it is also worth mentioning that any existing catego-
rization methods can be used in our proposed imputation technique called FIMUS. A better
categorization approach is likely to produce a better imputation accuracy in FIMUS.

(a) d2 on CA (b) d2 on CMC

(c) RMSE on CA (d) RMSE on CMC
Figure 2: Performance on Credit Approval (CA) and CMC data sets based on different discretization methods.

Typically any categorization method leads to a loss of information [24]. Additionally
they can also lead to a loss of relationship between the attributes. Let us assume that the
two records Ri and Rk have two numerical values Rij and Rkj , respectively for the jthe
numerical attribute. They also have two categorical values Rim and Rkm, respectively for the
mth categorical attribute. If both Rij and Rkj are grouped together into the same category
due to the categorization process then it may cause a loss of relationship between the jth and
mth attributes.

Therefore, instead of imputing a missing value, of a record, based on only the other
available values (categories) of the record, FIMUS imputes the missing value by taking into
account other available values and their similar values. For example, let us assume that for a
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record Ri there is a missing value for the attribute Aj (Aj = {x, y, z}), and an available value
l for another attribute Ap (Ap = {l,m, n}) i.e. Rij is missing and Rip = l. FIMUS uses the
co-appearance of x and l, x and m, and x and n in order to estimate the possibility of x being
the correct imputation. The influence of m and n are weighted according to their similarity
with l. Many existing imputation techniques [15, 5] consider a group of similar records (such
as the k nearest neighbours) of a record Ri having a missing value. In a way, they also take
into account the influence of similar values (such as m and n) in addition to the influence of
l.

We test the impact of the property (i.e. considering similar values) on two real data sets
namely Credit Approval and CMC [10] by imputing missing values according to FIMUS
using the property at various degrees, and then evaluating the imputation accuracy (since we
actually know the original values). Two evaluation criteria namely d2 [25] and RMSE [3] are
used. We use a similarity threshold (λ) that varies from 0 to 1, where 0 indicates that the
imputation is done by considering “the available values and their similar values” (following
the unique property of FIMUS), and 1 indicates that the imputation is done by considering
only the available values. Moreover, λ = 0.2 indicates the influence of “considering only the
available values” is 20% and “considering available values along with their similar values”
is 80%. Figure 3 shows that we get better d2 and RMSE values when λ = 0 (i.e. when
we consider the available values along with their similar values) than when λ = 1, for both
data sets. Moreover, we generally get the best d2 and RMSE results when λ is around 0.2
(approximately) as shown in Figure 3. These results indicate the importance of the use of the
property.

(a) d2 on CA (b) d2 on CMC (c) RMSE on CA (d) RMSE on CMC
Figure 3: Performance on CA and CMC data sets based on different user-defined similarity thresholds (λ).

FIMUS systematically studies various information from the co-appearance matrix, corre-
lation matrix, frequency and similarity of values in order to impute a missing value. Typically,
the number of missing values in a data set is small and therefore, the original information is
not heavily disturbed due to the existence of small number of missing values.

We now describe the basic concepts of our proposed technique with an example as fol-
lows. Let the record Ri has a missing value in attribute Aj ∈ A, i.e. Rij is missing. Let
l be the actual value in the pth attribute Ap ∈ A, i.e. Rip = l. Let Aj = {x, y, z}) and
therefore, x, y, and z are the candidates for possible imputation. Let, Ap = {l,m, n}. We
use a voting system where the best candidate having the highest vote is finally chosen as the
imputed value. Let, Cxl be the co-appearance of x and l in the whole data set, and fl be the
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total number of appearances (frequency) of l in the whole data set.
V N,p
x is the vote in favour of x based on Ap considering only the available value l. We

calculate V N,p
x as follows.

V N,p
x =

Cxl
fl

(1)

V S,p
x is the vote in favor of x based on Ap considering the available value along with its

similar values. That is, V S,p
x is calculated considering l, m and n as follows.

V S,p
x =

∑
∀a∈Ap

Cxa
fa
× Spla (2)

where Spla is the similarity between l (Rip = l) and a of the pth attribute. Similarity Spla is
computed using an existing technique [26]. We then calculate the weighted vote V p

x in favor
of x based on attribute Ap as follow.

V p
x = {V N,p

x × λ+ V S,p
x × (1− λ)} × kjp (3)

where kjp is the correlation between the jth and the pth attributes.
Since generalization converts all data elements Rij into categorical values, in this study

we use the Pearson’s contingency coefficient [27] to get correlation values between two at-
tributes. The values of the Pearson’s contingency coefficient vary between 0 and 1, where a
high value indicates a strong correlation. Note that, for calculating correlations between cat-
egorical attributes FIMUS is not restricted to Pearson’s contingency coefficient or any other
particular method. A user can choose any other method such as Cramer’s Coefficient (V),
Phi (φ), and Lambda [27]. We now offer a brief discussion on the methods as follows.

Lambda does not use the χ2 statistic for the correlation calculation while Pearson’s con-
tingency coefficient, Cramer’s Coefficient (V), and φ use it. The χ2 statistic is calculated
based on the co-appearance matrix (as shown in Table 3), which is also known as the contin-
gency table. Since FIMUS uses the co-appearance matrix (i.e. the contingency table) in other
calculations, it is sensible to use the metrics (i.e. Pearson’s contingency coefficient, Cramer’s
Coefficient (V), and φ) that rely on the co-appearance matrix.

Typically, φ is only suitable for a 2×2 contingency table [27]. However, we get a 2×2
contingency table only when two attributes have two values each. In our case, it is more
likely to have a non-2×2 contingency table since the attributes may have different domain
sizes. Therefore, a user may choose either the Pearson’s contingency coefficient or Cramer’s
Coefficient (V) for the correlation calculations.

Typically the values of both metrics follow the same trend. If the Pearson’s contingency
coefficient for a case Case1 is higher than the Pearson’s contingency coefficient of Case2
then the Cramer’s Coefficient should also be higher for Case1 than for Case2. Therefore,
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the use of one or the other should not heavily influence the accuracy of FIMUS. We run an
initial empirical analysis on two data sets where we implement two versions of FIMUS; one
using the Pearson’s contingency coefficient and the other using the Cramer’s Coefficient (see
Table 1). We also find that the accuracies of both versions of FIMUS are very similar to each
other and clearly superior to other techniques.

Table 1: Performance on CA and CMC data sets based on Pearson’s contingency coefficient (FIMUS) and
Cramer’s coefficient (FIMUS-V).

Data set
RMSE d2

(Lower value is better) (Higher value is better)
FIMUS FIMUS-V DMI SVR EMI IBLLS FIMUS FIMUS-V DMI SVR EMI IBLLS

CMC 0.137 0.136 0.177 0.194 0.180 0.277 0.851 0.851 0.811 0.763 0.799 0.699
Credit Approval 0.097 0.096 0.120 0.126 0.119 0.137 0.787 0.788 0.761 0.627 0.755 0.727

We now calculate the total vote V T
x in favor of x by considering all attributes (A =

{A1, A2, ...Am}) except the jth attribute (since x ∈ Aj) as follows.

V T
x =

∑
∀Ap∈A\Aj

V p
x (4)

Similarly, we calculate the total vote V T
y and V T

z . Finally, the value having the maximum
vote is considered to be the imputed value Rij .

3.2. Main Steps
We now present the main steps of FIMUS and its algorithms as follows.
Step-1: Initialize a missing matrix B from the input data set Do.
Step-2: Generalize all numerical attributes of Do.
Step-3: Generate co-appearance matrix (C), normalized similarity matrix (Sj) for attributeAj ;∀Aj ∈

A, and correlation matrix (K).
Step-4: Impute missing values.
Step-5: Repeat the imputation process (steps 2 to 4) until there is a change between two consecutive

iterations.
Step-6: Return a completed data set (Do) without any missing values.
Step-1: Initialize a missing matrix B from the input data set Do

FIMUS takes a data set Do, having missing values, as input. The data set Do has N
number of records (R1, R2, · · · , RN ) and |A| number of attributes (A = {A1, A2, ...Am}).
We first initialize a missing matrix B, as shown in the Step-1 of the FIMUS algorithm (see
Algorithm 1). Each element bij ∈ B ((1 ≤ i ≤ N) and (1 ≤ j ≤ |A|)) contains either 0 or 1,
which is calculated using Equation 5.

bij =

{
1 if rij ∈ Do is missing
0 if rij ∈ Do is available ;∀i, j (5)
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We consider a toy data set Do (Table 2a) in order to illustrate the steps of our algorithm.
The data set Do has 15 records and 4 attributes out of which two are numerical and two are
categorical. The records R2, R8, R10 and R13 have missing values for attributes Education
(Edu.), Position (Pos.), Age and Salary (in thousand), respectively. Therefore, the elements
{b2,2, b8,4, b10,1, and b13,3} are equal to 1 and the other elements are equal to 0.

Step-2: Generalize all numerical attributes of Do.
We make a copy of the data set Do into Dp. We next create a data set DG by generalising

each numerical attributeAj ofDo into
√
|Aj| number of categories, where |Aj| is the domain

size of Aj (Step 2 of the FIMUS Algorithm 1). We generalize two numerical attributes Age
and Salary of our toy data set and the generalized data set is shown in Table 2b.

Table 2: A sample data set Do and generalized data set DG.
Rec. Age Edu. Salary Pos. Rec. Age Edu. Salary Pos.
R1 27 MS 85 L R1 25-29 MS 84-91 L
R2 45 ? 145 P R2 45-49 ? 140-147 P
R3 42 PhD 145 P R3 40-44 PhD 140-147 P
R4 25 MS 85 L R4 25-29 MS 84-91 L
R5 50 PhD 146 P R5 50-54 PhD 140-147 P
R6 28 MS 85 L R6 25-29 MS 84-91 L
R7 38 PhD 140 P R7 35-39 PhD 140-147 P
R8 43 PhD 148 ? R8 40-44 PhD 148-155 ?
R9 44 PhD 146 P R9 40-44 PhD 140-147 P

R10 ? MS 86 L R10 ? MS 84-91 L
R11 42 PhD 142 P R11 40-44 PhD 140-147 P
R12 26 MS 84 L R12 25-29 MS 84-91 L
R13 42 PhD ? P R13 40-44 PhD ? P
R14 25 MS 86 L R14 25-29 MS 84-91 L
R15 43 PhD 143 P R15 40-44 PhD 140-147 P

(a) A sample data set Do (b) Generalised data set DG

Step-3: Generate co-appearance matrix (C), normalized similarity matrix (Sj) for
attribute Aj;∀Aj ∈ A, and correlation matrix (K).

A co-appearance matrix C is generated from DG for the domain values of Aj ∈ A;∀j
such that cxm ∈ C is the number of appearances of x ∈ Aj and m ∈ Ap in DG (see Step
3 of Algorithm 1). The square matrix C has

∑|A|
j=1 |Aj| number of rows and columns. In

our example, the value “6” (shown in bold in Table 3) indicates that the value “40-44” of
the attribute “Age” and the value “PhD” of the attribute “Position” co-appears in 6 records in
DG.

Table 3: Co-Appearance matrix of the data set DG.
Age Edu. Salary Pos.

25-29 35-39 40-44 45-49 50-54 MS PhD 84-91 140-147 148-155 L P

Age

25-29 - - - - - 5 0 5 0 0 5 0
35-39 - - - - - 0 1 0 1 0 0 1
40-44 - - - - - 0 6 0 4 1 0 5
45-49 - - - - - 0 0 0 1 0 0 1
50-54 - - - - - 0 1 0 1 0 0 1

Edu.
MS 5 0 0 0 0 - - 6 0 0 6 0
PhD 0 1 6 0 1 - - 0 6 1 0 7

Salary
84-91 5 0 0 0 0 6 0 - - - 6 0

140-147 0 1 4 1 1 0 6 - - - 0 7
148-155 0 0 1 0 0 0 1 - - - 0 0

Pos.
L 5 0 0 0 0 6 0 6 0 0 - -
P 0 1 5 1 1 0 7 0 7 0 - -

We generate a similarity matrix Sj of size |Aj|×|Aj| forAj; ∀j ∈ A, where the similarity
between two values belonging to an attribute Aj is calculated using an existing technique
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[26]. Similarity between two values belonging to an attribute can vary between 0 and 1, 0
indicates no similarity and 1 indicates maximum similarity. In our example, the similarity
matrix, SAge, is shown in Table 4a. We then normalize the similarity values so that the sum
of all similarity values of a category with all other categories is 1. The normalized similarity
matrix for Age, SAge is shown in Table 4b. All the similarity matrices are stored as S, which
is a set of the matrices as shown in Step 3 of Algorithm 1.

A correlation matrix K|A|×|A| is generated, where kjp ∈ K is the correlation between the
jth and the pth attributes, obtained from DG. Since all values in DG are categorical (DG is a
generalised data set) we use Pearson’s contingency coefficient [27] to get correlation values
between 0 and 1, where a high value indicates a strong correlation. The correlation matrix K
for our example data set is shown in Table 6a.

Table 4: Similarity matrix of the data set DG.
Category 25-29 35-39 40-44 45-49 50-54 Category MS PhD

25-29 1.000 0.000 0.000 0.000 0.000 MS 1.000 0.000
35-39 0.000 1.000 0.816 0.979 1.000 PhD 0.000 1.000
40-44 0.000 0.816 1.000 0.766 0.816 (c) Normalised Similarity matrix SEdu.

45-49 0.000 0.979 0.766 1.000 0.979
50-54 0.000 1.000 0.816 0.979 1.000 Category 84-91 140-147 148-155

(a) Similarity matrix SAge 84-91 1.000 0.000 0.000
140-147 0.000 0.573 0.427

Category 25-29 35-39 40-44 45-49 50-54 148-155 0.000 0.427 0.573
25-29 1.000 0.000 0.000 0.000 0.000 (d) Normalised Similarity matrix SSalary

35-39 0.000 0.264 0.215 0.258 0.264
40-44 0.000 0.240 0.294 0.225 0.240 Category L P
45-49 0.000 0.263 0.206 0.269 0.263 L 1.000 0.000
50-54 0.000 0.264 0.215 0.258 0.264 P 0.000 1.000

(b) Normalised Similarity matrix SAge (e) Normalised Similarity matrix SPos.

Step-4: Impute missing values.
In this step we first identify missing values by scanning the missing matrix B. The miss-

ing values are then imputed as shown in Step 4 of the FIMUS algorithm (see Algorithm 1)
and Procedure CSR (see Algorithm 2). FIMUS collects a record Ri ∈ DG and Pi ∈ Do

where there is a missing value in the record. The record and other necessary parameters are
then passed to the CSR procedure for imputation. CSR returns an imputed value say x. If the
missing value Do

ij ∈ Do (i.e. the jth value of the ith record) belongs to a categorical attribute
Aj then we impute Do

ij with x.
However, if the missing value Do

ij belongs to a numerical attribute Aj then FIMUS goes
for another round of imputation as follows. It first identifies a set of records Rx

j ⊆ DG, where
each record has x for Aj . Using the set of indices/record IDs Ixj for the records in Rx

j , a
sub data set DN ⊆ Do is then created from Do. Since DN contains records from Do, we
have the actual numerical values (instead of generalised values) in DN . By considering each
numerical value in DN as a category the co-appearance matrix C ′, similarity matrix S ′ and
correlation matrix K ′ are computed in the same way as Step 3. Using the record Pi ∈ Do

(having a missing value) and other necessary parameters we get an imputed value say, x from
CSR. Finally, we impute Do

ij ∈ Do with x.
The basic idea of CSR is discussed in Section 3.1 and Algorithm 2. We use the default

value of λ = 0.2, as we get the best result for λ = 0.2 (see Figure 3). Table 5 presents
an example of our imputation technique. There are four records (R2, R8, R10, and R13)
having missing values. In R10, the value of a numerical attribute called “Age” is missing. In

11



the first round the candidate value “25-29” receives the highest vote, while in the 2nd round
“25” achieves the highest vote. Therefore, the final imputed value is 25 for Age of R10. The
imputed data set is shown in Table 6b.

Table 5: Impute categorical and numerical missing values.

Record Attribute First stage(categorical) Second stage(numerical)
Candidate(C) Vote(C) Winner(C) Candidate(N) Vote(N) Winner(N)

R2 Edu. MS 0 PhD - - -PhD 1.242

R8 Pos. L 0 P - - -P 1.233

R10 Age

25-29 2.135

25-29

25 0.264

25
35-39 0 26 0.229
40-44 0 27 0.253
45-49 0 28 0.253
50-54 0

R13 Salary

84-91 0
140-146

140 0.137

142
140-147 1.600 142 0.167
148-155 0.901 143 0.137

145 0.162
146 0.137

Table 6: Correlation matrix K and imputed data set Do.
Age Edu. Salary Pos. Rec. Age Edu. Salary Pos.

Age - 0.707 0.721 0.707 R2 45 PhD 145 P
Edu. 0.707 - 0.707 0.707 R8 43 PhD 147 P

Salary 0.721 0.707 - 0.707 R10 25 MS 86 L
Pos. 0.707 0.707 0.707 - R13 42 PhD 142 P

(a) Correlation matrix K (b) Imputed data set Do

(a) Credit Approval data set (b) CMC data set
Figure 4: Impact of iterations on imputation accuracy.

Step-5: Repeat the imputation process (Step 2 to Step 4) until there is a change
between two consecutive iterations.

This step allows to impute missing values in Do iteratively, and it thereby increases the
imputation accuracy. Figure 4 shows the impact of iterations on imputation accuracy as evi-
dent from our initial experiments on the CA and CMC data set. Imputation accuracy increases
sharply within the first three iterations on Credit Approval and CMC data set in terms of both
d2 and RMSE. Let Dp be the imputed data set at the (T − 1)th iteration, and Do be the
imputed data set at the T th iteration. Until Dp and Do are not exactly the same we go for
the next iteration; from Step 2 to Step 4. Dp and Do are compared through RMSE (see
Equation 7).
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Algorithm 1: FIMUS
Input : Data set Do having N records and |A| attributes
Output : Imputed data set Do having N records and |A| attributes

Step 1:
B ← CalculateMissingMatrix(Do);
/*Initialize Missing matrix B where each element bij is calculated using Equation (5) for i = 1..N , and j = 1..|A|*/
T = 0 and rmse = 1;
/* T is used as iteration counter and rmse is used as termination condition*/
λ = user defined value between 0 and 1; default λ = 0.2;

end
Step 2:

Dp ← Do;
DG ← Generalize(Do) ;

end
Step 3:

C ← CoAppearanceMatrix(DG) ; /*Generate a Co-Appearance Matrix CQ×Q, where Q =
∑|A|

j=1 |Aj |*/
S ← null;
for i = 1 to |A| do

Si ← SimilarityMatrix(DG, i);
Si ← Normalize(Si);
S ← S ∪ Si;

end
K ← CorrelationMatrix(DG) ; /*Find correlation matrix K|A|×|A|*/

end
Step 4:

for i = 1 to N do
for j = 1 to |A| do

if bij = 1 then
ri ← ReturnRecord(DG, i); /*returns the ith record of DG */
pi ← ReturnRecord(Do, i);
/* impute categorical missing values */
x = CSR(ri, j, A,C, S,K, λ,DG);
/* impute numerical missing values */
if Aj is numerical then

DN ← SubDataSet(Do, DG, x, j);
C′ ← CoAppearanceMatrix(DN );
S′ ← null;
for g = 1 to |A| do

S′g ← SimilarityMatrix(DN , g);
S′g ← Normalize(S′g);
S′ ← S′ ∪ S′g ;

end
K′ ← CorrelationMatrix(DN );
x = CSR(pi, j, A,C

′, S′,K′, λ,DN );
end
Update Do

ij = x; /*Do
ij is the same as pij*/

end
end

end
end
Step 5:

T = T + 1;
if T ≥ 2 then

Calculate rmse from Dp and Do using Equation (7);
end
if rmse > 0 then

Goto Step 2;
end

end
Step 6:

Return completed data set Do;
end
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Algorithm 2: Procedure CSR()
Input : Record ri, Attribute index j, Attribute list A, Co-appearance matrix C, Set of Similarity matrices S, Correlation

matrix K, threshold λ, and data set DG

Output : Imputed value rij
Step 1:

foreach category x ∈ Aj do
V T
x = 0; /*V T

x is the total voting in favour of x*/
/* Loop over all attributes in A excluding the jth attribute*/
foreach attribute Ap ∈ A\Aj do

V N
x = 0, V S

x = 0, and l = rip; /*notations are introduced in Section 3.1*/
if λ > 0 then

V N
x = Cxl

fl
;

end
if λ < 1 then

foreach category a ∈ Ap do
H = Cxa

fa
;

V S
x = V S

x +H × Sp
la; /*see Section 3.1*/

end
end
V p
x = {V N

x × λ+ V S
x × (1− λ)} × kjp;/*kjp ∈ K is the correlation between the jth and pth attribute */

V T
x = V T

x + V p
x ;

end
end

end
Step 2:

Set rij ← V alue(max(V T
x ;∀x ∈ Aj)); /*finds the attribute value x for which V T

x is the Max*/
end
Step 3:

Return imputed value rij ;
end

Step-6: Return a completed data set (Do) without any missing values.
After the termination of the iterative process, we finally return a complete data set (Do)

without any missing values.

3.3. Complexity Analysis
Let, number of records and attributes of a data set be n andm, respectively. Also consider

that the domain size of an attribute is d, and all attributes have the same domain size. Besides,
the number of records in a sub-dataset DN (see Step 4 of Algorithm 1) is n′. The overall
complexity of FIMUS is O(n2m + nm5d5 + nn′m4d2). Typically, n′ � n and for low
dimensional data sets (such as those used in this study) n � m. Hence, the complexity of
FIMUS for a low dimensional data set is O(n2).

We estimate the complexities of DMI, EMI and IBLLS (i.e. the techniques that we use
in the experiments of this study) as O(n2mm′+ nm3m′) where m′ is the number of attribute
having missing values,O(nm2+m3) andO(n3m2+nm4), respectively. This is also reflected
in the execution time complexity analysis in the next section (see Table 13).

4. Experimental Result

We implement our proposed technique FIMUS and three existing techniques namely
DMI [6], EMI [1, 3], and IBLLS [5]. Moreover, for implementing an existing technique

14



SVR [11, 20] we use the Java code of LibSVM [28]. Following the suggestions of [11, 29],
in SVR we choose radial basis function (RBF) at ε = 0.01, γ = 0.01, andC = 0.5. The exist-
ing techniques have been shown to be better than many other techniques including Bayesian
principal component analysis (BPCA) [30], LLSI [4], and ILLSI [2].

4.1. Data Sets
We apply the techniques on nine real data sets, as shown in Table 7, that are available in

UCI Machine Learning Repository [10]. All the data sets have both numerical and categorical
attributes. There are already some records in the Adult, Credit Approval and Autompg data
sets having missing values. In our experiments we first remove the records having missing
values and thereby get 30,162 records for Adult, 653 records for Credit Approval and 392
records for Autompg with no missing values. We then artificially create missing values in the
data sets in order to impute them by different techniques. Since we know the original values
of the artificially created missing values, we can evaluate the accuracy/performance of the
imputation techniques.

Table 7: Data sets at a glance.
Data set Records Num. attr. Cat. attr. Missing Pure Records Data set Records Num. attr. Cat. attr. Missing Pure Records

Adult 32561 6 9 Yes 30162 Pima 768 8 1 No 768
Chess 28056 3 4 No 28056 Credit Approval 690 6 10 Yes 653
Yeast 1484 8 1 No 1484 Housing 506 11 3 No 506
CMC 1473 2 8 No 1473 Autompg 398 5 3 Yes 392
GermanCA 1000 7 14 No 1000

4.2. Simulation of Missing Values
The imputation performance generally depends on both the amount and type of missing

values [3]. Two data sets having the same number of missing values can have different types
of missing values. For example, in one scenario (type), a data set may have at most one
missing value per record. However, in another scenario a data set may have multiple missing
values in a record. The possibility of a value being missing generally do not depend on the
value itself [1]. In the experiment we therefore, use various types of missing values [3, 6, 31]
such as simple, medium, complex and blended, as explained below.

A simple pattern allows a record to have at most one missing value, whereas a medium
pattern allows a record to have minimum 2 attributes with missing values and maximum 50%
of the attributes with missing values. In a complex pattern a record can have minimum 50%
and maximum 80% attributes with missing values. In a blended pattern we have 25% records
having missing values in simple pattern, 50% in medium pattern and 25% in complex pattern.

In our experiments, we also apply two types of missing models namely Uniformly Dis-
tributed (UD) and Overall. UD model ensures that each attribute has equal number of missing
values. However, in Overall model the attributes may not have equal number of missing val-
ues, and in the worst case scenario all missing values may belong to one single attribute.

We also use 4 Missing Ratio, that is 1%, 3%, 5% and 10% missing values. Therefore,
we have a total of 32 combinations (id 1, 2, · · · , 32) of Missing Ratio, Missing Model, and
Missing Pattern as shown in Table 10. For each of the 32 combinations, we generate 10
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data sets with missing values. Therefore, for each of the nine real data sets we generate all
together 320 data sets with missing values.

4.3. Evaluation Criteria
We use two well known evaluation criteria namely Index of agreement (d2) [25], and root

mean squared error (RMSE) [3] in order to assess the imputation accuracy. Let N be the
number of artificially created missing values, Oi (1 ≤ i ≤ N ) be the actual value of the ith
artificially created missing value, Pi be the imputed value of the i-th missing value. Let O
and P be the average of actual values Oi,∀i ∈ N , and imputed values Pi, respectively.

The index of agreement (d2) tests the degree of resemblance between actual and imputed
values. The value of d2 can vary between 0 and 1. A higher value indicates better resem-
blance.

d2 = 1−

[ ∑N
i=1(Pi −Oi)

2∑N
i=1(|Pi −O|+ |Oi −O|)2

]
(6)

The value of root mean squared error (RMSE) can ranges from 0 to∞, where a lower
value indicates a better matching. It is calculated as follows.

RMSE = (
1

N

N∑
i=1

[Pi −Oi]
2)

1
2 (7)

4.4. Experimental Result Analysis on Numerical Missing Value Imputation
We present the imputation accuracy of FIMUS, DMI, SVR, EMI and IBLLS, on Adult

data set in terms of d2 and RMSE for 32 missing combinations (id 1, 2, · · · 32) in Table 8.
Each value in the table is the average of 10 imputations carried out on 10 data sets (with
missing values) generated for each combination of missing ratio, missing model, and miss-
ing pattern. For example, the average RMSE value from the data sets generated for “1%”
missing ratio, “Overall” missing model and “Simple” missing pattern is 0.096 for FIMUS.
In the table bold values indicate the best results among the five techniques. Moreover, in the
last row of the table, we present a score of each technique for each evaluation criteria, where
a score indicates that out of 32 missing combinations, a technique performs the best among
all the techniques. FIMUS performs significantly better than DMI, SVR, EMI and IBLLS in
terms of both evaluation criteria for all 32 combinations of missing patterns.

Based on d2 and RMSE, FIMUS outperforms other four techniques for all 32 combina-
tions of missing patterns on Chess data set (see Table 9), GermanCA data set (see Table 10),
and Pima data set (see Table 11). FIMUS also performs better than the four techniques on
Yeast, CMC, Credit Approval, Housing and Autompg data sets as shown in Table 12. There
are all together 288 combinations i.e. 32 combinations/data set × 9 data sets. According
to the results based on RMSE, FIMUS performs the best in 275 out of 288 combinations,
whereas DMI performs the best in 9 out of 288 combinations. Besides, according to d2
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FIMUS performs the best in 267 out of 288 combinations while DMI performs the best in 13
out of 288 combinations. Figure 5 shows the percentage of combinations (out of 288 combi-
nations), where FIMUS, DMI, SVR, EMI and IBLLS achieve the best result. For example,
FIMUS achieves the best average in 95.49% cases in terms of RMSE.

Table 8: Detail performance for 32 missing combinations on Adult data set.

Missing combination Id
RMSE d2

(Lower value is better) (Higher value is better)
FIMUS DMI SVR EMI IBLLS FIMUS DMI SVR EMI IBLLS

1%

Overall

Simple 1 0.096 0.122 0.120 0.123 0.149 0.961 0.927 0.926 0.893 0.895
Medium 2 0.099 0.125 0.128 0.126 0.175 0.957 0.923 0.915 0.888 0.862
Complex 3 0.103 0.126 0.137 0.126 0.211 0.953 0.922 0.896 0.886 0.801
Blended 4 0.103 0.128 0.130 0.129 0.179 0.953 0.919 0.910 0.880 0.854

UD

Simple 5 0.098 0.124 0.122 0.126 0.169 0.958 0.925 0.925 0.888 0.858
Medium 6 0.101 0.126 0.129 0.127 0.176 0.956 0.922 0.913 0.886 0.857
Complex 7 0.100 0.125 0.135 0.126 0.231 0.957 0.923 0.899 0.884 0.742
Blended 8 0.098 0.123 0.129 0.123 0.179 0.958 0.924 0.911 0.893 0.854

3%

Overall

Simple 9 0.100 0.125 0.121 0.126 0.181 0.946 0.923 0.926 0.886 0.820
Medium 10 0.098 0.124 0.127 0.125 0.209 0.949 0.922 0.914 0.888 0.751
Complex 11 0.101 0.126 0.137 0.126 0.232 0.947 0.922 0.897 0.886 0.704
Blended 12 0.098 0.125 0.128 0.125 0.216 0.950 0.922 0.914 0.888 0.777

UD

Simple 13 0.096 0.124 0.121 0.125 0.193 0.951 0.923 0.925 0.889 0.812
Medium 14 0.099 0.127 0.129 0.126 0.271 0.948 0.919 0.913 0.886 0.749
Complex 15 0.101 0.126 0.136 0.126 0.216 0.947 0.922 0.898 0.888 0.751
Blended 16 0.100 0.126 0.130 0.127 0.206 0.946 0.920 0.910 0.885 0.689

5%

Overall

Simple 17 0.100 0.125 0.121 0.126 0.184 0.943 0.921 0.925 0.886 0.833
Medium 18 0.098 0.127 0.128 0.126 0.208 0.947 0.919 0.913 0.886 0.751
Complex 19 0.100 0.126 0.137 0.127 0.248 0.945 0.921 0.897 0.885 0.680
Blended 20 0.101 0.127 0.130 0.128 0.241 0.944 0.919 0.910 0.884 0.731

UD

Simple 21 0.099 0.129 0.122 0.127 0.193 0.946 0.915 0.923 0.885 0.798
Medium 22 0.099 0.127 0.129 0.127 0.190 0.946 0.919 0.913 0.884 0.740
Complex 23 0.101 0.128 0.139 0.127 0.257 0.945 0.918 0.892 0.885 0.663
Blended 24 0.098 0.127 0.128 0.125 0.230 0.948 0.918 0.913 0.888 0.732

10%

Overall

Simple 25 0.099 0.129 0.123 0.127 0.239 0.943 0.915 0.922 0.886 0.751
Medium 26 0.099 0.126 0.128 0.127 0.234 0.944 0.920 0.913 0.885 0.691
Complex 27 0.101 0.127 0.140 0.127 0.259 0.942 0.919 0.892 0.884 0.655
Blended 28 0.100 0.126 0.129 0.127 0.235 0.942 0.920 0.912 0.884 0.729

UD

Simple 29 0.098 0.127 0.121 0.125 0.209 0.945 0.917 0.924 0.888 0.720
Medium 30 0.100 0.126 0.128 0.127 0.232 0.943 0.918 0.914 0.885 0.694
Complex 31 0.100 0.126 0.142 0.127 0.256 0.944 0.921 0.889 0.886 0.626
Blended 32 0.100 0.127 0.128 0.127 0.224 0.942 0.917 0.913 0.885 0.557

Score (Out of 32) 32 0 0 0 0 32 0 0 0 0

(a) RMSE (b) d2
Figure 5: Percentage of combinations for all data sets, where a technique achieves the best result.

We now present aggregated performances based on RMSE for all techniques on nine
data sets in terms of missing ratios, missing models, and missing patterns in Figure 6. The
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Table 9: Detail performance for 32 missing combinations on Chess data set.

Missing combination Id
RMSE d2

(Lower value is better) (Higher value is better)
FIMUS DMI SVR EMI IBLLS FIMUS DMI SVR EMI IBLLS

1%

Overall

Simple 1 0.253 0.304 0.296 0.316 0.543 0.615 0.521 0.592 0.439 0.439
Medium 2 0.242 0.307 0.323 0.318 0.484 0.616 0.497 0.572 0.429 0.431
Complex 3 0.251 0.312 0.365 0.319 0.432 0.592 0.467 0.490 0.425 0.444
Blended 4 0.250 0.307 0.325 0.318 0.511 0.610 0.499 0.566 0.431 0.407

UD

Simple 5 0.250 0.307 0.291 0.319 0.540 0.617 0.517 0.600 0.437 0.446
Medium 6 0.247 0.309 0.327 0.319 0.483 0.615 0.496 0.576 0.436 0.434
Complex 7 0.254 0.314 0.369 0.320 0.444 0.595 0.471 0.478 0.429 0.427
Blended 8 0.249 0.310 0.329 0.318 0.482 0.608 0.479 0.554 0.426 0.423

3%

Overall

Simple 9 0.252 0.304 0.311 0.317 0.543 0.612 0.522 0.576 0.437 0.441
Medium 10 0.252 0.309 0.329 0.318 0.489 0.603 0.491 0.550 0.430 0.414
Complex 11 0.254 0.311 0.362 0.317 0.439 0.572 0.464 0.483 0.427 0.416
Blended 12 0.254 0.309 0.329 0.318 0.486 0.600 0.488 0.551 0.430 0.434

UD

Simple 13 0.254 0.307 0.290 0.320 0.542 0.611 0.514 0.576 0.431 0.440
Medium 14 0.257 0.306 0.328 0.316 0.482 0.604 0.503 0.556 0.437 0.421
Complex 15 0.255 0.311 0.365 0.318 0.441 0.570 0.472 0.476 0.430 0.423
Blended 16 0.251 0.308 0.330 0.318 0.488 0.605 0.498 0.551 0.432 0.431

5%

Overall

Simple 17 0.264 0.305 0.291 0.317 0.543 0.605 0.522 0.567 0.438 0.440
Medium 18 0.262 0.308 0.326 0.319 0.482 0.592 0.498 0.555 0.431 0.419
Complex 19 0.275 0.311 0.359 0.318 0.445 0.551 0.471 0.480 0.429 0.423
Blended 20 0.261 0.309 0.330 0.319 0.488 0.585 0.495 0.546 0.430 0.431

UD

Simple 21 0.268 0.305 0.292 0.317 0.548 0.608 0.519 0.544 0.436 0.439
Medium 22 0.265 0.308 0.323 0.318 0.484 0.589 0.499 0.553 0.430 0.419
Complex 23 0.280 0.311 0.358 0.317 0.443 0.547 0.469 0.483 0.429 0.426
Blended 24 0.262 0.309 0.329 0.318 0.497 0.584 0.494 0.547 0.431 0.417

10%

Overall

Simple 25 0.270 0.306 0.298 0.317 0.540 0.597 0.513 0.538 0.435 0.436
Medium 26 0.261 0.307 0.325 0.317 0.478 0.578 0.499 0.556 0.433 0.429
Complex 27 0.275 0.312 0.357 0.318 0.438 0.531 0.470 0.480 0.428 0.416
Blended 28 0.260 0.308 0.327 0.318 0.487 0.569 0.495 0.544 0.432 0.432

UD

Simple 29 0.246 0.306 0.295 0.318 0.537 0.602 0.516 0.550 0.436 0.440
Medium 30 0.273 0.307 0.326 0.317 0.480 0.557 0.501 0.549 0.435 0.425
Complex 31 0.272 0.312 0.362 0.318 0.443 0.533 0.470 0.483 0.426 0.417
Blended 32 0.264 0.308 0.330 0.318 0.483 0.559 0.496 0.544 0.432 0.433

Score (Out of 32) 32 0 0 0 0 32 0 0 0 0

Table 10: Detail performance for 32 missing combinations on GermanCA data set.

Missing combination Id
RMSE d2

(Lower value is better) (Higher value is better)
FIMUS DMI SVR EMI IBLLS FIMUS DMI SVR EMI IBLLS

1%

Overall

Simple 1 0.216 0.258 0.273 0.288 0.275 0.815 0.766 0.774 0.728 0.736
Medium 2 0.223 0.249 0.268 0.284 0.282 0.815 0.795 0.791 0.754 0.741
Complex 3 0.229 0.281 0.304 0.298 0.368 0.808 0.727 0.722 0.702 0.608
Blended 4 0.214 0.269 0.288 0.294 0.313 0.822 0.739 0.743 0.704 0.675

UD

Simple 5 0.211 0.246 0.253 0.278 0.257 0.826 0.803 0.812 0.755 0.772
Medium 6 0.215 0.261 0.277 0.289 0.303 0.822 0.773 0.773 0.727 0.704
Complex 7 0.230 0.255 0.285 0.286 0.332 0.800 0.767 0.746 0.735 0.654
Blended 8 0.214 0.251 0.260 0.280 0.304 0.821 0.786 0.798 0.751 0.705

3%

Overall

Simple 9 0.211 0.260 0.274 0.277 0.278 0.824 0.786 0.793 0.746 0.731
Medium 10 0.219 0.272 0.285 0.291 0.301 0.817 0.766 0.779 0.722 0.713
Complex 11 0.238 0.274 0.303 0.291 0.356 0.783 0.737 0.721 0.703 0.624
Blended 12 0.217 0.273 0.286 0.286 0.324 0.822 0.761 0.770 0.729 0.668

UD

Simple 13 0.207 0.275 0.273 0.283 0.285 0.826 0.753 0.788 0.726 0.711
Medium 14 0.217 0.261 0.278 0.282 0.303 0.816 0.772 0.778 0.737 0.701
Complex 15 0.221 0.270 0.294 0.289 0.363 0.799 0.736 0.721 0.702 0.608
Blended 16 0.220 0.270 0.296 0.292 0.323 0.813 0.763 0.756 0.713 0.670

5%

Overall

Simple 17 0.200 0.263 0.274 0.277 0.281 0.838 0.773 0.786 0.742 0.706
Medium 18 0.218 0.259 0.277 0.279 0.326 0.813 0.777 0.775 0.729 0.649
Complex 19 0.235 0.278 0.304 0.297 0.366 0.789 0.738 0.721 0.698 0.611
Blended 20 0.217 0.274 0.289 0.288 0.331 0.809 0.756 0.762 0.724 0.654

UD

Simple 21 0.202 0.271 0.280 0.287 0.287 0.829 0.756 0.779 0.722 0.707
Medium 22 0.220 0.268 0.291 0.289 0.324 0.809 0.753 0.751 0.715 0.648
Complex 23 0.231 0.272 0.294 0.290 0.362 0.789 0.743 0.737 0.706 0.611
Blended 24 0.209 0.263 0.280 0.282 0.329 0.822 0.774 0.772 0.733 0.659

10%

Overall

Simple 25 0.205 0.263 0.273 0.279 0.283 0.826 0.774 0.795 0.744 0.728
Medium 26 0.215 0.262 0.287 0.286 0.322 0.811 0.764 0.764 0.722 0.655
Complex 27 0.236 0.275 0.301 0.294 0.358 0.789 0.733 0.725 0.696 0.600
Blended 28 0.216 0.271 0.283 0.283 0.320 0.804 0.738 0.758 0.721 0.631

UD

Simple 29 0.203 0.266 0.267 0.275 0.278 0.829 0.762 0.799 0.743 0.720
Medium 30 0.218 0.268 0.281 0.281 0.328 0.807 0.746 0.766 0.728 0.634
Complex 31 0.238 0.270 0.289 0.288 0.359 0.782 0.743 0.743 0.707 0.610
Blended 32 0.214 0.284 0.293 0.286 0.327 0.813 0.733 0.751 0.719 0.634

Score (Out of 32) 32 0 0 0 0 32 0 0 0 0
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Table 11: Detail performance for 32 missing combinations on Pima data set.

Missing combination Id
RMSE d2

(Lower value is better) (Higher value is better)
FIMUS DMI SVR EMI IBLLS FIMUS DMI SVR EMI IBLLS

1%

Overall

Simple 1 0.139 0.156 0.145 0.172 0.186 0.914 0.874 0.888 0.839 0.790
Medium 2 0.136 0.141 0.145 0.167 0.179 0.913 0.892 0.888 0.846 0.800
Complex 3 0.128 0.152 0.167 0.174 0.189 0.917 0.875 0.852 0.834 0.776
Blended 4 0.137 0.150 0.152 0.173 0.181 0.910 0.878 0.875 0.843 0.793

UD

Simple 5 0.119 0.145 0.145 0.173 0.186 0.927 0.886 0.883 0.840 0.781
Medium 6 0.135 0.140 0.147 0.171 0.183 0.920 0.898 0.885 0.845 0.791
Complex 7 0.142 0.144 0.164 0.170 0.186 0.905 0.890 0.859 0.843 0.782
Blended 8 0.136 0.145 0.149 0.171 0.180 0.905 0.888 0.881 0.848 0.798

3%

Overall

Simple 9 0.126 0.155 0.132 0.161 0.173 0.916 0.874 0.908 0.847 0.797
Medium 10 0.136 0.147 0.149 0.173 0.181 0.907 0.886 0.883 0.838 0.786
Complex 11 0.133 0.143 0.160 0.167 0.183 0.912 0.890 0.863 0.843 0.785
Blended 12 0.129 0.166 0.158 0.180 0.189 0.911 0.861 0.872 0.833 0.778

UD

Simple 13 0.125 0.163 0.138 0.165 0.178 0.917 0.863 0.899 0.841 0.789
Medium 14 0.133 0.139 0.149 0.170 0.178 0.914 0.893 0.884 0.844 0.794
Complex 15 0.133 0.149 0.163 0.175 0.187 0.913 0.879 0.857 0.834 0.777
Blended 16 0.135 0.145 0.148 0.170 0.177 0.903 0.889 0.881 0.843 0.793

5%

Overall

Simple 17 0.126 0.162 0.138 0.169 0.177 0.922 0.868 0.902 0.846 0.794
Medium 18 0.133 0.154 0.152 0.174 0.180 0.911 0.872 0.878 0.839 0.788
Complex 19 0.135 0.150 0.161 0.175 0.195 0.904 0.876 0.861 0.835 0.757
Blended 20 0.132 0.153 0.154 0.174 0.184 0.910 0.876 0.874 0.839 0.780

UD

Simple 21 0.127 0.163 0.140 0.169 0.178 0.912 0.855 0.898 0.843 0.791
Medium 22 0.134 0.165 0.153 0.178 0.189 0.912 0.861 0.878 0.831 0.775
Complex 23 0.130 0.150 0.164 0.176 0.198 0.909 0.878 0.855 0.833 0.755
Blended 24 0.133 0.157 0.149 0.170 0.179 0.901 0.871 0.884 0.842 0.790

10%

Overall

Simple 25 0.121 0.164 0.138 0.165 0.175 0.907 0.859 0.897 0.844 0.790
Medium 26 0.125 0.158 0.150 0.175 0.186 0.905 0.866 0.881 0.837 0.775
Complex 27 0.131 0.155 0.166 0.180 0.203 0.911 0.869 0.851 0.824 0.741
Blended 28 0.127 0.153 0.148 0.171 0.184 0.908 0.871 0.885 0.841 0.776

UD

Simple 29 0.125 0.158 0.136 0.166 0.176 0.912 0.863 0.904 0.842 0.791
Medium 30 0.127 0.169 0.151 0.175 0.182 0.920 0.850 0.882 0.840 0.784
Complex 31 0.130 0.152 0.163 0.178 0.198 0.913 0.874 0.858 0.830 0.751
Blended 32 0.124 0.153 0.150 0.173 0.188 0.916 0.867 0.881 0.838 0.769

Score (Out of 32) 32 0 0 0 0 32 0 0 0 0

figures demonstrate that FIMUS performs better (i.e. lower average RMSE values) than
other techniques for all missing ratios, for all missing models, and for all missing patterns.
Similarly, Figure 7 demonstrates that FIMUS performs better (i.e. higher average d2 val-
ues) than other techniques for all missing ratios, for all missing models, and for all missing
patterns on 9 data sets.

Figure 8 presents the overall result (average of all 32 combinations) for each data set.
For all data sets FIMUS performs clearly better than all other techniques in terms of RMSE
(Figure 8(a)) and d2 (Figure 8(b)).

We now analysis the results by using a statistical sign test [32] for all 32 combinations.
The sign test results indicate that FIMUS performs better than the other techniques at z >
1.96, p < 0.025,and right-tailed in terms ofRMSE (see Figure 9(a)) and d2 (see Figure 9(b))
for all nine data sets. Figure 8 and Figure 5 can give an overall idea on the performance of
FIMUS.

4.5. Experimentation on Categorical Missing Value Imputation for All Data Sets
Unlike EMI and IBLLS, FIMUS DMI and SVR can impute categorical missing values in

addition to numerical missing values. Therefore, we also compare the imputation accuracy
of FIMUS and DMI for categorical missing values. In Figure 10 we present the overall result
(average of all 32 combinations) of RMSE values for FIMUS, DMI and SVR on all nine
data sets. FIMUS performs clearly better than DMI and SVR for all data sets.
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(a) Adult data set (b) Chess data set

(c) Yeast data set (d) CMC data set

(e) GermanCA data set (f) Pima data set

(g) Credit Approval data set (h) Housing data set

(i) Autompg data set (j) Legend
Figure 6: Aggregated performance ofRMSE based on Missing Ratios, Missing Models, and Missing Patterns.
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(a) Adult data set (b) Chess data set

(c) Yeast data set (d) CMC data set

(e) GermanCA data set (f) Pima data set

(g) Credit Approval data set (h) Housing data set

(i) Autompg data set (j) Legend

Figure 7: Aggregated performance of d2 based on Missing Ratios, Missing Models, and Missing Patterns.
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Table 12: Number of times a technique performs the best, out of 32 missing combinations per data set.

Data set RMSE d2
FIMUS DMI SVR EMI IBLLS FIMUS DMI SVR EMI IBLLS

Adult 32 0 0 0 0 32 0 0 0 0
Chess 32 0 0 0 0 32 0 0 0 0
Yeast 26 6 0 0 0 32 0 0 0 0
CMC 32 0 0 0 0 28 4 0 0 0
GermanCA 32 0 0 0 0 32 0 0 0 0
Pima 32 0 0 0 0 32 0 0 0 0
Credit Approval 31 1 0 0 0 26 4 0 1 1
Housing 29 0 1 0 2 25 3 0 0 4
Autompg 29 2 1 0 0 28 2 2 0 0

Total (Out of 288 cases in 9 data sets) 275 9 2 0 2 267 13 2 1 5

(a) RMSE

(b) d2
Figure 8: Performance comparison on nine data sets.

4.6. Execution Time Complexity Analysis
We now present the average execution time (in milliseconds) for 320 data sets (32 combi-

nations× 10 data sets per combination) with missing values for each real data set in Table 13.
We carry out the experiments using two different machines. However, for one data set we
use the same machine for all techniques. The configuration of Machine 1 is 4 × 8 core In-
tel E7-8837 Xeon processors, 256 GB RAM. The configuration of Machine 2 is Intel Core
i5 processor with 2.67 GHz speed and 4 GB RAM. FIMUS takes less time than DMI and
IBLLS, whereas it takes slightly more time than EMI to pay the cost of a significantly better
quality imputation.
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(a) RMSE

(b) d2
Figure 9: Statistical significance analysis using the sign test for all data sets.

Figure 10: Imputation accuracy of FIMUS, DMI and SVR for categorical attributes.

Table 13: Average execution time (in milliseconds) of different techniques on the nine data sets.
Data set FIMUS DMI SVR EMI IBLLS Machine used

Adult 1,277,323 1,302,609 1,475,522 82,189 53,947,274 Machine 1
Chess 15,994 153,915 410,324 8,667 15,537,849 Machine 1
Yeast 50,295 3,024 1,260 92 173,209 Machine 1
CMC 5,905 40,195 150,341 469 233,994 Machine 2
GermanCA 533 11,225 4,006 62 58,044 Machine 1
Pima 10,521 13,406 562 47 39,443 Machine 1
Credit Approval 7,517 30,252 66,490 1,175 390,463 Machine 2
Housing 8,961 88,322 54,987 3,087 1,268,431 Machine 2
Autompg 364 2,215 167 18 8,861 Machine 1
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5. Conclusion

Similar to many existing techniques [1, 20, 11, 21, 22] our proposed technique considers
all records of a data set for the imputation of missing values, instead of considering differ-
ent horizontal partitions for the imputation of different missing values [5, 13, 6]. However,
unlike the existing techniques the proposed technique makes use of the co-appearances of
the attribute values belonging to two attributes. A high co-appearance between a pair of val-
ues indicates a high possibility of the appearance of a value of the pair in a record, if the
other value appears in the record. To facilitate the co-appearance calculation the proposed
technique categorizes the numerical values.

Another unique property of the proposed technique is the use of the similarity among the
values. While imputing a missing value of a record the proposed technique not only uses the
available values of the record, but also the similar values of the available values.

Additionally, the proposed technique considers the correlations among the attributes while
imputing a missing value. Unlike some existing techniques such as IBLLS [5] that consider
the attributes that have high correlations with the attribute having a missing value and ignore
the influence of all other attributes, the proposed technique considers all attributes according
to their correlation strengths.

FIMUS performs the best in 95.49% of the total experiments in terms of RMSE (Fig-
ure 5(a)) and in 92.71% of the total experiments in terms of d2 (Figure 5(b)). Moreover, it
achieves the overall best result for all data sets in terms of both evaluation criteria (Figure 8).
The sign test results indicate a clear superiority of FIMUS over the existing techniques that
are used in the paper (Figure 9). In terms of the execution time required FIMUS performs
better than DMI, SVR and IBLLS while it performs slightly worse than EMI, perhaps to pay
the cost of a high quality imputation (Table 13).

Like all other techniques FIMUS also achieves a better imputation accuracy in the simple
pattern than the accuracy in the medium and complex pattern (Figure 6 and Figure 7). A
possible reason for the trend is the existence of a single missing value in a record for the
simple pattern compared to the existence of multiple missing values in a record for the other
two patterns. When there is only one missing value in a record then we have many available
values in the record, and therefore, we can make a good estimate of the missing value. It is
clearly more challenging to impute the missing values of a record when there is a very low
number (say 1 or 2) of available values and high number (say 8 or 10) of missing values in
the record.

The figures (Figure 6 and Figure 7) also show a trend of better imputation accuracy for
the blended pattern than the medium and complex patterns. The blended pattern has a com-
bination of records having the simple, medium and complex pattern. Therefore, due to the
influence of the simple pattern the results of the blended pattern are better than the medium
and complex pattern.

Some of the data sets (i.e. Adult, Chess, CMC, GermanCA and Credit Approval) used in
the experiments have higher number of categorical attributes than numerical attributes (see
Table 7). Let us call these data sets as the Type A data sets. The Type B data sets have higher
number of numerical attributes than categorical attributes. We observe that the difference
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between the imputation accuracy (in terms of RMSE and d2) obtained by FIMUS and an
existing technique is higher in the Type A data sets than Type B data sets.

For example, the average of the differences (of RMSE values) between FIMUS and DMI
is 0.037, over all Type A data sets. Similarly the average differences (of RMSE values)
between FIMUS and SVR, FIMUS and EMI, and FIMUS and IBLLS are 0.050, 0.044 and
0.124, respectively. Whereas, for Type B data sets the average differences are 0.017, 0.033,
0.025 and 0.038, respectively. Therefore, FIMUS enjoys a better superiority (i.e. bigger
differences) over the existing techniques in the Type A data sets than in the Type B data sets.

A possible explanation to this could be as follows. FIMUS needs to artificially categorize
numerical attributes. The artificial categorization quality may not be very high resulting in a
less accurate imputation than the case where the attributes are already categorical. The high
quality categorical values (of natural categorical attributes) help FIMUS to impute missing
values more accurately than the case where numerical values are artificially categorized. This
observation indicates that with a better discretization/categorization method we can expect a
better imputation accuracy by FIMUS. However, please note that even with the current setting
FIMUS significantly outperforms (according to the sign test results) the existing techniques
in both Type A and Type B data sets.

The main innovation of the study is the imputation of a missing value using 3 key proper-
ties of a dataset namely the co-appearances of the values belonging to different attributes, the
similarity of values belonging to an attribute and the correlations of the attributes. Moreover,
the proposed technique can adjust the influence of the similar values on the imputation of
missing values. It can also impute both numerical and categorical attributes. The imputation
accuracy of FIMUS is clearly better than the high quality techniques used in this study on the
nine datasets.

We have also identified a few limitations of the technique. One of the limitations is its
overall time complexity, which is O(n2m + nm5d5 + nn′m4d2) as discussed in Section 3.3.
Typically, n′ � n and for low dimensional data sets (such as those used in this study) n� m.
Hence, the complexity of FIMUS for a low dimensional data set is O(n2). However, for
high dimensional data sets such as biomedical data sets FIMUS can suffer heavily due to
its complexity of O(m5). Another limitation of FIMUS is that it is not designed to impute
missing values in a time series dataset. Since FIMUS uses co-appearance and correlations, if
a time series dataset contains only one attribute such as temperature against a time series then
FIMUS may not be useful on the dataset. If a time series dataset contains multiple attributes
such as humidity, temperature and precipitation then FIMUS can be more useful in imputing
missing values. Nevertheless, FIMUS is unable to take advantage of time information while
imputing missing values. All the techniques discussed in this study have the same drawback
on time series datasets. Another limitation of FIMUS is the categorization (of numerical
attributes) required by it. It is commonly known that categorization often causes information
loss. Therefore, a better categorization technique can produce a better imputation.

Our future research plans include a further improvement of FIMUS in time complexity
for high dimensional data sets, modification of FIMUS to suit time series data sets, and
development of a better categorization method.
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